EVERY CONTACT MANIFOLD CAN BE GIVEN A NON-FILLABLE 

CONTACT STRUCTURE 



KLAUS NIEDERKRUGER AND OTTO VAN KOERT 



Abstract. Recently Francisco Presas Mata constructed the first examples of closed contact 
manifolds of dimension larger than 3 that contain a plastikstufe, and hence are non-fillable. 
Using contact surgery on his examples we create on every sphere S 2n_1 , n > 2, an exotic 
contact structure £_ that also contains a plastikstufe. As a consequence, every closed contact 
manifold (M, f) (except S 1 ) can be converted into a contact manifold that is not (scmi-positively) 
fillable by taking the connected sum (M, 5)#(§ 2n - 1 . £_). 



Most of the natural examples of contact manifolds can be realized as convex boundaries of 
symplectic manifolds. These manifolds are called symplectically fillable. An important class of 
contact manifolds that do not fall into this category are so-called overtwisted manifolds ( |Eli88j . 
|Gro85j ). Unfortunately, the notion of overtwistedness is only defined for 3-manifolds. A manifold 
is overtwisted if one finds an embedded disk D 2 such that TB 2 | aB)2 C £, an overtwisted disk Dot- 
This topological definition gives an effective way to find many examples of contact 3— manifolds 
that are non-fillablc. 

Until recently no example of a non-fillable contact manifold in higher dimension was known, 
but Francisco Presas Mata recently discovered a construction that allowed him to build many 
non-fillable contact manifolds of arbitrary dimension ( |Prc0 6i). He showed that after performing 
this construction on certain manifolds, they admit the embedding of a plastikstufe. Roughly 
speaking, a plastikstufe VS(S) can be thought of as a disk-bundle over a closed (n— 2) -dimensional 
submanifold S, where each fiber looks like an overtwisted disk. As shown in [Nic06b , the existence 
of such an object in a contact manifold (M 2n_1 ,£) excludes the existence of a symplectic filling. 

In this paper we extend Presas' results to a much larger class of contact manifolds. The idea is 
to start with one of his examples and to use contact surgery to simplify the topology and convert 
it into a contact spher^] Se that admits the embedding a plastikstufe. If (M, £) is any other 
contact manifold, then (M, £)#Se — M carries a contact structure that also has an embedded 
plastikstufe and is hence non-fillablc. 

Definition. Let (M, a) be a cooriented (2n — l)-dimensional contact manifold, and let S be a 
closed (n — 2) -dimensional manifold. A plastikstufe VS(S) with singular set S in M is an 
embedding of the n-dimcnsional manifold 

i:D 2 xS^Jl/ 

that carries a (singular) Legendrian foliation given by the 1-form [3 := i*cx satisfying: 

• The boundary dVS(S) of the plastikstufe is the only closed leaf. 

• There is an elliptic singular set at {0} x S. 

• The rest of the plastikstufe is foliated by an § 1 -family of stripes, each one diffeomorphic 
to (0, 1) x S, which are spanned between the singular set on one end and approach dVS(S) 
on the other side asymptotically. 

The importance of the plastikstufe lies in the following theorem. 

Theorem 1. Let (M, a) be a contact manifold containing an embedded plastikstufe. Then M does 
not have a semipositive strong symplectic filling. In particular, if dim M < 5 ; then M does not 
have any strong symplectic filling at all. 



4n the scope of this article a contact sphere will be a smooth sphere carrying a contact structure. 
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Definition. A contact manifold is called PS— overtwisted if it admits the embedding of a plas- 
tikstufe. 

Whether PS-overtwisted can be taken as the general definition of overtwisted in higher dimen- 
sions, has yet to be clarified in the future (see Remark [6]). 

In dimension 3, the definition of P£-overtwisted is identical to the standard definition of over- 
twistedness. Using the Lutz twist, it is easy to convert a tight contact structure on a 3-manifold M 
into an overtwisted one. Until recently, no example of a closed PS'-overtwisted contact manifold 
of dimension larger than 3 was known, but Francisco Presas Mata found a beautiful construction, 
which allowed him to create such examples in arbitrary dimension |Pre06j . 

Theorem 2 (F. Presas Mata). Let (M, a) be a contact manifold, which contains a P S -overtwisted 
contact submanifold N of codimension 2. Assume that N has trivial normal bundle. Then we can 
glue N x T 2 via a fiber sum to M , and the resulting manifold 

Glue(M, N, a) := M U N N X T 2 

supports a PS -overtwisted contact structure that coincides on M outside a small neighborhood of 
the gluing area with the original structure. More precisely, if N contains a plastikstufe VS(S), 
then Gluc(M, N, a) contains VS(S x S 1 ). 

With this construction, he was immediately able to find PS-overtwisted contact manifolds in 
every odd dimension greater than 1. 

Corollary 3. (1) There is a contact form a_ on the 5-sphere § 5 that is obtained by taking an 
open book with a single left-handed Dehn-twist (see Section^. It restricts on the standard 
embedding of S 3 to an overtwisted contact structure. Hence, one finds on the manifold 

Mo = Gluc(§ 5 , § 3 , a-) = § 5 U S 3 § 3 x T 2 

a PS -overtwisted contact structure. 
(2) Let E g denote the closed Riemann surface of genus g > 2, and let {M, a) be a closed PS- 
overtwisted contact manifold. Then the manifold MxS 9 also supports a P S -overtwisted 
contact structure. 

In this note, we apply contact surgery to examples that are similar to the manifold Mo, and we 
obtain the following corollary. 

Corollary 4. Every sphere S 2n+1 with n > 1 supports a PS -overtwisted contact structure. More 
precisely, on S 2n+1 , with n > 1, exists a contact structure which admits the embedding of a 
plastikstufe P5(T" _1 ) (with T° := {p} and T 1 := S 1 ;. 

Corollary 5. It is possible to modify the contact structure £ = kera of a contact manifold (M, a) 
with dim M > 3 in an arbitrary small open set in such a way that the new contact structure is 
P S -overtwisted. 

Proof. Attach one of the contact spheres obtained in Corollary [4] via connected contact sum to 
the manifold M. □ 

Remark 6. The results above make it tempting to claim that PS'-overtwisted is the proper defi- 
nition of overtwistcdncss in higher dimensions. The second author proved together with Frederic 
Bourgeois that contact manifolds having an open book decomposition of a certain type have 
vanishing contact homology which as folklore tells also implies that they are non-fillable. In 
3 dimensions, overtwisted can equivalently be defined via open book decompositions, and thus in 
higher dimensions it would also be interesting to find the precise relation between the definition 
using a plastikstufe or an open book decomposition. 

In particular all of the spheres (§ 2 ™ -1 , a_) defined in Scction[T]have vanishing contact homology, 
and hence are non-fillable even before applying the Presas gluing. 

Acknowledgments. This article was written at the Universite Libre de Bruxelles, where we are 
both being funded by the Fonds National de la Recherche Scientifique (FNRS). We thank Hansjorg 
Geiges for fruitful discussions. 
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1. THE CONTACT SPHERES (§ 2ra_1 ,Q;_) 

In this section, we will describe an exotic contact structure on each sphere S 2 ™ -1 with n > 2, 
with the interesting property that they can all be stacked into each other in a natural way. 

Let S 2 ™ -1 be the unit sphere in C" with coordinates z = (z\, . . . , z n ) <E C", and let / be the 
polynomial 

/: C"^C, {z u ... lZn )^ zl + --- + z 2 n . 

The 1-form 

n 

a.- := i (zj dSj — Ej dzj) — i (/ df — f d/) 
i=i 

defines a contact structure on S 2 ™ -1 , which is obtained by using an open book decomposition with 
left-handed Dchn- twist (see Remark [2]). The first term of a_ is just the standard contact form 
a stt j on the sphere, and it is the second term that is responsible for changing the properties of a_. 

Proposition 7. The sphere (§ 2n_1 ,Q!_) is a contact manifold. 

Proof. Consider the 1-form 



(za dz,; — Zj dzi) — i ( -J— d- 



L7 d f 



Its restriction to the unit sphere is equal to a_. We will show that its exterior differential, the 
2-form 



da- = 2i > dzi A dzi — 2i d \ - — - A d 



/ A . , ( f 



is symplectic on C™ — {0}. To compute the n-fold product w", note that the last term can appear 
at most once in each term of the total product. Furthermore since the first terms always couple 
a dzj with dzj, this eliminates most mixed forms of the last term. Using this, one easily computes 

(2i)»n! 



— (3 ||z|| - 2 \f\ 2 \ dzi A dzi A ■ ■ ■ A dz n A dz n 



This form docs not vanish, because 

i/i 2 -i^i+---+^r=i(^iz)i 2 <iizii 4 . 

Now, it follows that a_ (and hence also a_) is a contact form by using that the Liouvillc field 

Xl = \d r = -(zi,...,z„) . 
for cj_ satisfies lx l W- = 5- ■ □ 
Remark 8. (1) We obtain sequences of contact embeddings 

(§ 3 , a-) ^ (S 5 , a_) ^ (§ 7 , a-) ^ ■ ■ ■ , 
where each map is just given by 

H : S 2 ^ 1 ^§ 2fe+1 , 
(zi,...,z k ) i — > (zi, . . . ,Zj-i,0,Zj, . . . ,Zk) ■ 

The normal bundle of every (2k — 1) sphere in the following (2k+ l)-sphere is of course 
trivial. 

(2) Using similar computations as the ones in [KN05] or |Nie06a| . it can be seen that (§ 2 ™ -1 , a_) 
is compatible with the open book (B = / _1 (0), $ = //|/|), which is equivalent to the ab- 
stract open book with page (T*E> n ~ ,d\ can ) and monodromy map consisting of a single 
left-handed Dehn-twist. In particular, the 3-dimensional case (S 3 , ct_) is overtwisted, and 
it is not difficult to localize an overtwisted disk: The intersection F between the 3-sphere 
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§ 3 and the hyperplanc {(x'i + + W2) \ Ui = ^2} is diffcomorphic to a 2-sphere, 

which is foliated by a_. Using stereographic projection 

$ :C -> C 2 

/(.T + l) 2 +y 2 -2\ 

V(.T-l) 2 +y 2 -2/ 
we obtain for the pull-back of the contact form onto this sphere 



v^l + ^+y 2 ) 



4 (3r 4 - 10r 2 +3) 
$ a - = (1 + r 2)4 (ydx-xdy) , 

with r 2 = |z| 2 = x 2 + y 2 . This form does not vanish with exception of the points cor- 
responding to the origin and the circles of radius 1 / v3 and y/3. Hence we find an over- 
twisted disk in each of the hemispheres of F (the set B 2 | 2 |2< 1 / 3 :— {z e C| \z\ 2 < 1/3} 
and {z G C| \z\ 2 > 3} U {00}). 

2. § 5 SUPPORTS A PS-OVERTWISTED CONTACT STRUCTURE 

In this section, we will prove the result stated in Corollary |4] for dimension 5. To achieve 
our goal, we will simply start with the manifold Mq (see Corollary [3]) , and then use contact 1- 
surgery to kill the fundamental group. The general proof in Section 2] includes the 5-dimensional 
case, but the induction used there is relatively complicated, so that we preferred to work out this 
case explicitly. The following proposition is well known to topologists, but since it is key to our 
construction we include a proof. 

Proposition 9. Let M be an orientable manifold of dimension n > 3. Assume the fundamental 
group 7Ti(M) to be generated by the closed embedded paths 71, . . . , Tzv- Then by using surgery on 
these circles we obtain a simply connected manifold M . 

Proof. We have to show that tti(M) vanishes. First note that the statement in the proposition 
needs a little clarification. We want all generators 71, . . . , 7jv to be disjoint, but this is strictly 
speaking not possible, because all elements in m(M, pg) have at least the base point po G M 
in common. Instead move each of the circle with a small isotopy to make them disjoint from 
each other. Choose now new representatives 7 1; . . . ,7^ G ni(M,po) such that 7^ consists of a 
short segment connecting p$ with a point (7j(0), x) on the boundary of the tubular neighborhood 
8 1 x D™ -1 of 7j, the path (jj,x) c d(E> 1 x D™ -1 ), and a copy of the first segment but with opposite 
orientation connecting (7j(0), x) = (73 (1), x) back with p . After the surgery, each of the 7^ can 
be contracted to the point pq. 

Let 7 be a closed path that represents an element in iri(M,po), where we assume that the 
base point po lies outside the surgery area. With a homotopy, we can make it also everywhere 
disjoint from the surgery area which is essentially an (n — 2)™sphcrc. This way we obtain a loop 
that lives not only in M but also in M, and represents an element in the fundamental group 
iri(M,po). In M, this circle is homotopic to a product of the 7^, . . . ,7^, and this homotopy can 
be made disjoint from the surgery regions S 1 x D"^ 1 , because a homotopy of curves is a map 
[0, 1] x S 1 — > M, but in an n-dimcnsional manifold with n > 3, it is always possible to make a 
the image of a 2-manifold by a perturbation disjoint from a 1-dimensional submanifold. This 
homotopy can thus be also realized in M, and so 7 is also in M homotopic to a product of the 
7x, . . . ,7tv, which are all contractible in M. If follows that 7 represents the trivial element in 
7n(M), and hence -k x {M) = {0}. □ 

We start by using the manifold given in Corollary [31 part (1). The homologj0 of this 
space is (as already stated by Presas) H {M ) = H 5 (M ) = Z, H 1 (M ) = H^{Mq) = 1? and 



2 From now on, wc will always assume integer coefficients for the homology groups. 
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surgery region = S 1 x n " 1 




Figure 1 . Every loop in the surgcred space M is homotopic to a concatenation 
of circles 71, . . . , 7jv- The surgery makes each of these circles contractible so that 
M is simply connected. 



H 2 (M ) = H 3 (M ) = {0}. The fundamental group 7r 1 (M ) can be easily computed using the 
Scifcrt-van Kampcn theorem. We obtain 

7Ti(Mo) = (a, b, c\ aba~ 1 b~ 1 = c) = (a, 6) = Z * Z , 



where a, b are the generators of tti(§ 3 x (T 2 - D 2 )) = tti(T 2 



l ) = Z * Z, and c generates the 



fundamental group of S 5 
the intersection S 3 xS 1 . 

Represent the two generators a, b by smooth embedded paths 71,72 C § 3 x (T 2 
form 



4 xS 1 . The relation follows from identifying elements in 

2 ) of the 



71 : [0, 1] 

72 : [0, 1] 



s 3 x (T 2 
s 3 x (T 2 



5 2 ), t 1 
D 2 ),t, 



(P2; l,e 



1) 

2mt\ 



with fixed pi 7^ p 2 G S 3 such that both curves are isotropic and do not intersect the plastikstufc 
7'5(§ 1 ) lying in Mq. This can be achieved by choosing both points pi,P2 in the 1-dimensional 
binding of (§ 3 ,a_) (because then both functions used for the definition of a e on § 3 x T 2 

vanish, cf. Section [3|). One can find an overtwisted disk in § 3 that intersects the binding at only 
one point. For the construction of 'PS^ 1 ), this disk is transported through § 3 x T 2 along two 
paths which are parallel to 71 or 72 . Hence there is sufficient space to choose p\ , p 2 in such a way 
that 71 and 72 do not intersect "P^S 1 ). 

Now apply contact surgery on these generators of k\{Mq), i.e. cut out a tubular neighborhood 
of the two isotropic curves representing a and b. This neighborhood is of the form S 1 x D 4 US 1 x D 4 
and it has boundary S 1 x § 3 US 1 x § 3 . Glue in two copies of D 2 x § 3 , which have the same boundary 
as the cavities. As explained in |Wei91j . the manifold M we obtain this way, carries a contact 
structure, which coincides outside the surgery loci with the original structure, so in particular Mq 
still contains a plastikstufe. By Proposition it follows that M is simply connected. 

2.1. The homology of Mq. We want to show that H*(Mq) = 7J*(S 5 ), because this together 
with 7Ti(Mo) = {0}, using the Poincare conjecture proved by Smale and the non-existence of 
exotic 5-spheres shows that Mq is diffeomorphic to § 5 . 
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All of the computations in this section arc standard applications of the Mayer- Vietoris sequence. 
Use the following notation B = S 1 x D 4 U§ 1 x B 4 , B = B 2 x 8 3 UB 2 x § 3 , A = M - B = M - B, 
AnB = AnB = S 1 X ^US 1 x S 3 . Then, because H 2 (A n B) = {0}, both Mayer- Vietoris 
sequences for M = Ai) B and for Mo = A U B split at that homology group. Using that 
H 2 (B) = H 2 (B) = Hx(M Q ) = {0}, the Mayer- Vietoris sequences for the pairs (A, B) and (A,B) 
reduce to 

->Ha(A) © H 2 (B) -> H 2 (M ) -^Hi(Af)B)^ Hi(A) © Hi(B) -> H X (M ) -> 

->H 2 {A) © H a (5) -► ff 2 (M ) — > iTi (^4 fl -B) — > ifr(A) © fli(j?) -> . 

Because H 2 (Mq) = {0}, it follows that H 2 (A) also vanishes. The top sequence simplifies to 

-> Z 2 -> ff x (A) © Z 2 -> Z 2 -> . 

As ifi(^4) cannot have torsion in such a short exact sequence, we obtain Hi(A) = 1? . With this, 
the second sequence simplifies to 

-> ff 2 (M ) -► Z 2 -> Z 2 -> , 

so that H 2 (Mq) vanishes. 

By Poincare duality and the universal coefficient theorem, we have H 3 (M ) = H±(M ) = {0}. 
This implies that Mq is homeomorphic to S 5 and in fact it is even diffcomorphic to S 5 , because 
there arc no exotic 5-sphercs. This proves Corollary [4] for dimension 5. 

3. SUBMANIFOLDS AND PRESAS GLUING 

In |Pre06j . Presas starts out with a manifold (M,a) which contains a codimension 2 contact 
submanifold N with trivial normal bundle. A neighborhood of N in M is contactomorphic to 
[N x D 2 , a\ TN + r 2 dtp). The product manifold JVxT 2 also supports a contact structure, namely 
a e := a\ TN + e (/i d&i + f 2 d/d 2 ), where (e 1 ® 1 , e 2 ) are the coordinates of the 2-torus and fi, f 2 : 
N — > R are certain functions, which are obtained from an open book decomposition of N (see 
}Bou02j ). A fiber N x {po} C N x T 2 has a neighborhood that is contactomorphic to (N x 
D 2 , a\ TN — r 2 dtp), and one can perform the fiber connected sum of N x T 2 onto M along N x {p } 
and N C M. Presas has shown that if N is PS'-overtwisted then so is M Un N x T 2 . This 
construction can be carried out simultaneously on several embedded contact manifolds. To this 
end we need a neighborhood theorem that is adapted to such a situation. 

Proposition 10. Let N, S±, . . . , S r be codimension 2 contact submanifolds of (M,a) with triv- 
ial normal bundle. Assume that all of these contact submanifolds intersect N and each other 
transversely, i.e. T p N + T p Sj = T p M at every p G Sj PI N and T q Si + T q Sj = T q M at every 
q € SiD Sj . 

Then we find a neighborhood of N in M that can be represented as (N x B 2 , a\ TN + r 2 dtp) such 
that Sj is in this neighborhood of the form (Sj PI N) x D 2 . 

Proof. Start by choosing a metric on Si fl • • • fl S r , and extend this metric first over all Si fl • • • fl 
Sj fl • • • fl S r , then to all Si n • • • n Si fl • • • fl Sj n • • • n S r , and so on until the metric is defined 
on all Si, . . . , S r - Now define finally the metric on the rest of M. By considering the exponential 
map along N, we obtain a tubular neighborhood N diffcomorphic to N x B 2 such that every Sj 
is given by (Sj flJVjxll 2 . 

The standard neighborhood theorem (see for example }Gei06j ) guarantees that we have a 
contactomorphism from (Si fl ■ • • fl S r fl N) x B 2 to itself, which deforms the contact form to 
a \T(S 1 n---ns niV) ^V- This map is generated by a vector field which vanishes on (Si H ■ ■ ■ H 
S r H N) x {0}, and hence we can easily extend the contactomorphism to a diffcomorphism $ from 
any (Si R • • -H^H- • ■n5 r H N) x B 2 to itself such that $ leaves (SiD - • -nS}n- • -nS r niV) X {0} 
fixed. By suitably extending the vector field successively over all of the submanifolds and then 
to the rest of the manifold, we finally obtain a diffcomorphism that converts the contact form on 
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(Si n • • ■ n S r n TV) x B 2 into the desired type, that leaves TV x {0} pointwise fixed and all other 
submanifolds (Si 1 fl ■ ■ • fl Si k n TV) x B 2 invariant as subsets. 

Now use again the neighborhood theorem, this times for (5*2 fl • ■ ■ fl S r fl TV) x {0} in (5*2 fl • ■ ■ fl 
S r HN) xD 2 . Note that the Moser vector field vanishes on (Si fl ■ ■ • fl S r n TV), because there the 
contact form was already brought into the desired shape in the previous step. Extend the vector 
successively over all submanifolds of TV x ID 2 like before, but take care to choose it to vanish, if 
possible. The flow of this vector field maps TV x O 2 to itself, keeps TV x {0} pointwise fixed, and all 
other submanifolds (Si 1 fl • • • fl Si k n TV) x D 2 invariant as subsets. This map converts the contact 
form into the desired one on (S 2 n • • • n S r H TV) x D 2 . 

Now repeat the process for (Si fl S3 fl • ■ ■ fl S r fl TV) x D 2 . Here care has to be taken for the Moser 
field not to destroy the form on (S2 fl ■ • • fl S r fl TV) x D 2 , which was already arranged correctly in 
the previous step, but if the vector field is extended to vanish wherever possible, this submanifold 
is not moved at all by the flow. By continuing with this process, one finally proves the statement 
in the proposition. □ 

Now consider a contact submanifold S <— » M that has transverse intersection with TV. The 
neighborhood of TV in M can be represented as (TV x D 2 , a\ TN + r 2 d<p) in such a way that S is of 
the form (TVn S) x ED 2 in this neighborhood. Then it follows that the Presas gluing M U N TV x T 2 
contains the gluing S Unhs (N H S) x T 2 as a contact submanifold. This construction works for 
several submanifolds Si , . . . , S r that satisfy the assumptions in Proposition 1101 



The general construction to prove Corollary [4] is considerably more complicated than the 5- 
dimcnsional one. The proof works by induction. We start with a contact sphere that contains 
a PS-overtwisted contact submanifold of codimension 2k. In each induction step, we raise the 
dimension of the submanifold by two until finally the sphere itself is PS-overtwistcd. 

Let S := (§ 2 ™ _1 ,a) be a contact sphere that contains codimension 2 contact submanifolds 
Si, . . . , Sfe (with k < n — 2) with the following properties (see also Figure [2]): 

(1) Every Sj is a sphere that is unknotted in S. 

(2) Every two spheres S, and Sj (i 7^ j) intersect transversely, and the intersection 



of any combination of these spheres is a contact (2n — 2r — l)-sphere, which is unknotted 



4. The proof of Corollary [|] 



Si 1 ,...,i r . — s^ n • • • n Si r 



in any of the spheres S ii -> i . 
(3) Finally the lowest dimensional sphere Si k is PS-overtwisted 



dim = 2n — 1 



s 



S' 



III 





dim = 2n — 3 




Si 



S2 



S3 



°A p2 



s 



III 



dim = 2n — 5 



dim = 2n — 7 



Figure 2. The intersection of all codimension 2 spheres is PS-overtwisted. In 
each induction step we increase the dimension of the PS-overtwisted submanifold 
by two. 



We are then able to construct a new contact sphere S' = (S 2 " l ,a') which satisfies the con- 
ditions in the above list for k — 1 instead of k. More explicitly we mean that S' contains k — 1 
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unknotted codimension 2 spheres S[, . . . , S k ,, which are contact submanifolds, all possible in- 
tersections are contact spheres, unknotted in any of the other higher dimensional spheres, and 
fc-i i s PS-overtwisted. By induction, we can continue these steps until we find a contact 
structure on S 2 ™ -1 , such that S 2 ™ -1 contains a PiS-overtwisted unknotted (2n — 3)-sphere. In 
the next step, wc finally obtain then the PS'-overtwisted contact structure on the (2n — l)~sphere 
itself (the proof in Section [2] amounts to this last step) . 

4.1. Start of induction. To start the process in arbitrary dimension, consider the manifold 
S := (§ 2 ™-\a_) C C" defined in Section □ Every sphere Sj := {(z u . . . , z n ) G S 2 "" 1 ! Zj = 0} 
for j G {1, ...,n— 2} is contact, and all of the possible intersections also are. The 3-sphere 
Si,...,„_2 = {(0, • • • , 0, Z\, z-i) G § 2 " -1 } is overtwisted, see Remark[8] Hence it is possible to start 
the construction in any odd dimension 2n — 1, and so assume that the induction step is true for 
some k < n. Then we have to show that we find a (2n — l)-dimcnsional contact sphere such that 
the statements are also true for k — 1. 

4.2. Construction of S' and S[, . . . , S' kl . Apply the Presas gluing on S = S 2 " -1 along Sk, i.e. 
construct the manifold 

M := S 2 "- 1 U Sfc S k x T 2 . 
By Section [3l it contains all of the gluings on the other spheres Sj with j = 1, . . . , k — 1, along the 
intersection Sj,k = Sj n Sk 

M' := Sj U 8ith Sj, k x T 2 , 
and of course also the gluings of any other subspace Sj^ j T along the intersection Sj 1 j r .u = 

Sj 1 ,...,j r n Sk . 

M£'"' ir ~S ju ..., jr U Sjl jr ,„ Sj lt ...,j r! k x T 2 . 

In particular, it follows from Theorem [2] that Mq' ■■■ ,fc_1 is PS'-overtwisted, because we obtained 
it by gluing along Si t ,.. t k, which is by our assumptions PS-overtwisted. By using surgery on all of 
these submanifolds, we will be able to convert every Mq ' into a sphere, which will prove property 
(3) of the list at the beginning of Section |H 

Using that each sphere is unknotted in the next higher dimensional one, we obtain with argu- 
ments that are completely analogous to those of Section [2] that 7Ti(A/q 1 ' "'"'*') = Z* Z, and that the 
homology is H (M J l '-' jr ) H 2n ^ 2r (M^-^) = Z, fl^Af* ••"•*•) = ff 2n _ 2 _ 2r (M^'-*) Z 2 , 
and all other homology groups are trivial. 

Represent the generators of the fundamental group of the lowest dimensional manifold Mq' " ,fc_1 
by the two loops 71 , 72 of the form 

7i : [0, 1] - Si,...,* xT 2 ,(h (p i; e 2 "*, 1) 

72 :[0,l]-.S w xT 2 ,i^fe;l,e M ), 

with pi 7^ P2 G Si t ...,k fixed. We cannot only assume that 71,72 do not intersect the fiber 
Si,...,* x {p } along which we perform the Presas gluing (Figured]), but by choosing the two points 
Pi,P2 suitably, it can also be achieved that the plastikstufe created in Mq''"' ~ 1 by Theorem [2] 
is not touched by any of the two paths. The conformal symplectic normal bundles of these loops 
are trivial, and hence the /i-principle guarantees that a perturbation of 71,72 in Mq' ' ,fc_1 turns 
them into isotropic curves, so that they can be used to apply contact surgery. Note that the loops 
71,72 chosen do not only generate 7Ti(Mq' '"' k 1 ) but also the fundamental group of any other of 
the manifolds Mq 1 '' " Jr including the one of the maximal space Mq- 
From Proposition [lOl we can easily deduce the following corollary. 

Corollary 11. The neighborhood of M^''"' k l is contactomorphic to 

. fc-i 

(•Ui ' ' x C fc -\ a| TM i *-i + l - J2( z j d2 j ~ E j dz j)) » 

j=i 

where Mq is represented by Mq'"''^ 1 x {(zi, . . . , 0*_i) £ C fc_1 | Zj = 0}. 
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Figure 3. Apply surgery on the curves 71 and 72. These two loops generate the 
fundamental group of all submanifolds considered. 



Proof. Consider Mq, . . . , Mq 1 in Mq. They satisfy the conditions of Proposition [TO! and so there 
is a tubular contact neighborhood of Mq 

(^Mq 1 xC = {(p; zi)}, a\ TM i + % - (z 1 dzi - Z\ dzi)J 

such that Mq is given by Mq'-' x C. Repeat the step for Mq' 2 , . . . , Mq' ~ in Mq. We obtain a 
neighborhood of the form 



. 2 

" 2 = {(?'; zi, 22)}, "Ita/,;- 2 + 2 J2( z i dI i ~ E i dz i 



M ' x 



This step can be iterated until one arrives at the neighborhood described in the corollary we want 
to prove. □ 

With this neighborhood theorem, we will be able to apply contact 1-surgery on Mq along the 
curves 71 and 72. 

4.2.1. Surgery compatible with submanifolds. To describe the contact surgery, we briefly recall 
Wcinstein's picture for surgery [Wei91| . Consider K 2lI+4 with coordinates (x, y, z\,zi,w\,w-2) and 
symplcctic form 

2 

ui = dx A dy '+ dzi A dwi . 

i=l 

The vector field 

is Liouville, and it is transverse to the non-zero level sets of the function 

2 



i=l 



2 

2"'* 



in 
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In particular, / 1 (— 1) = R 2 ™+ 2 x S 1 is a contact hypersurface, and the circle 

Tmodel = {(0, 0,0, 0,Wi, W 2 ) | w\ + w\ = 2} 

is isotropic. By a neighborhood theorem, the loops 71 and 72 considered above have a neighborhood 
that is contactomorphic to a neighborhood of 7 mo dei in !)■ 

The next step consists of gluing in the 1-handlc lying between 1) and A piece 

of the set f~ 1 (~ 1) can be identified via the Liouvillc flow with a contact manifold that is close to 
(see Figured]). The precise construction that is necessary can be found in |Gei07j . Hence 
we can replace a neighborhood of the curve 7 mo dei by the surgery D 2 x § 2n+1 . As the Liouville 
field is transverse to the set we see that the surgered manifold is contact. 




Figure 4. Weinstein's picture for contact surgery. 

We still need to show that we can choose the contact surgery on M$ in such a way that it 
induces contact surgery on all the submanifolds Mq, where J is an index set. To see that the 
surgery can be made compatible, we need to specify the framing more precisely, which can be 
done by using an induction. Corollary [Tl] is of relevance here. 

Let us denote the curve where we perform surgery by 7. We start with the contact submanifold 
Mq' '"' k . This manifold also contains the curve 7, which is still isotropic. Therefore we can identify 
a tubular neighborhood of 7 with fj(—l) as in the above model. We have added the subscript 
J to indicate the different dimensions, i.e. the number of x coordinates depends on the size of 
index set J. At this stage there is still some freedom in choosing the framing. For clarity, we will 
also give 7 a subindcx to indicate in what submanifold we consider the curve, i.e. 7j denotes the 
restriction of the curve 7 to the submanifold M(j . 

Next, suppose we have fixed the framing on M ' J such that contact surgery on 7,7 induces 
the desired contact surgery on submanifolds Mq' j ' k in M ' J indexed by K. Let us now look at 
Mq' 3 C M J . A neighborhood of M^ 3 in M J looks like 

x © 2 , 

so we may write for the contact form by Corollary II II 

a j = a j j + xdy — ydx , 
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if we use coordinates (x,y) for the disk D 2 . Note that d x and d y trivialize the normal bundle of 
M lj in A/ J . Wc use this to extend the framing of 7,/j to a framing of -fj in we simply add 
the vector fields d x and d y . Note that d x and d y can be chosen to lie in TMq' '"' k . 

To use Wcinstein's picture for surgery, we use the same identifications as before, but we add 
a coordinate to the vectors x and y. To be more precise, we identify a piece of fjj (— 1) with a 
neighborhood of jjj by using the map 

Note that 

fj(x,0,y,0,zi,z 2 , wi, w 2 ) = fj t j(x,y,Zi,z 2 ,w 1 ,w 2 ) ■ 
We can extend the contactomorphism ljj to a contactomorphism tj such that 

Lj(x,0,y,0, zx, z 2 ,wi,w 2 ) = Lj ij (x,y,z 1 ,z 2 ,wi,w 2 ) . 

This shows that we can choose the surgery compatible with the submanifold structure, i.e. surgery 
on 7 C Mo induces the desired surgery on the submanifolds M J for all index sets J C {1, . . . , k}. 

Let us now return to our previous notation where we have chosen curves 71 and 72 in Mq as 
given in Formula (|4.1[) . Denote the surgered manifolds Mq and Mq, . . . , Mq^ 1 by S' resp. by 
S[, . . ., S' k _ 1 . By what we said above, the intersection 

is equal to Mq 1 ''"' surgered along the curves 71 and 72. The manifolds S'j are homeomorphic to 
spheres by the Poincare conjecture as proved by Smale. Furthermore they intersect transversely, 
so this almost proves property (2) of the list. There is, however, one missing part, namely wc still 
need to show that the spheres are in fact diffeomorphic to the standard sphere. This shall be done 
in the next section. 

4.3. Every manifold S'^ - r is diffeomorphic to the standard sphere. Our next aim is to 
see that all the manifolds M ,1 '"' Jr are converted by the surgery into smooth spheres. For this, we 
will show that each of these surgered manifolds is the boundary of a ball. 

Consider the manifold H consisting of the thickened 2-torus B 2 ™ x T 2 where we attach a 
2 handle along {pi} x S 1 x {1}, another one along {^2} x {1} x S 1 and a (2n)-handle along 
(dIB) 2n ) x {p } (with Pl p 2 G <9B 2n , Po e T 2 - (S 1 x {1} U {1} x S 1 )). If wc have chosen above the 
right framing for attaching the handles, then the boundary of H is diffeomorphic to a manifold 
^'31 jr wn i° n was defined as M n ''"' Jr surgered along 71 and 72. So H provides a topological 
filling for Using a further surgery on the interior of H, we will convert H into a ball. 

This will show that every S'^ _ - r is diffeomorphic to the standard sphere. 

The fundamental group of the handle body H constructed above is trivial, because 7Ti (D 2n x 
T 2 ) = Z 2 , attaching the (2n)-handle does not change the fundamental group, and the final two 
2-handles then kill iri(H). The homology of H can be computed with a Mayer- Vietoris sequence, 
where we set A = D 2 " x T 2 and B = D 2n UD 2 UD 2 and A n B = S 2 "" 1 x {p }U{pi} x S 1 x 
{l}U{p 2 } x {1} x §\ and so 

-> H 2 (A) e H 2 (B) -» H 2 (H) -> Hi (A n B) -> H^A) ® H\{B) -> , 

which simplifies to 

-> Z H 2 (H) -> Z 2 Z 2 -> . 

This means that H 2 {H) = Z. Hence the manifold is obviously not a (2n + 2)™ball. For higher 
homology the sequence gives 

H 2n {H) iJ 2 n-i(^ n B) , 

so that H 2n (H) = Z. All other homology groups Hk{H) with 2 < k < 2n are trivial. The 
generator of H 2n (H) can be represented by the cycle composed of the (2n)-handle of if and the 
(2n)-disk E> 2 " x { Pa }. 

To convert B into the desired (2n+2)— ball, note that the generator of H 2 {H) can be represented 
by an embedded 2-sphere. On an abstract level this is clear by the Hurewicz theorem, but for 
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later observations we will need to find the generator explicitly. The 2-torus {0} x T 2 at the core 
of the thickened torus with which the construction of H began, clearly generates H2{H) as can 
be seen from the Mayer- Vietoris sequence. Of course this torus can be moved to {pi} x T 2 . One 
of the 2-handles has been attached to {pi} x§'x {1}. We will cut out the annulus 

A = {{ Pl } x S 1 x {e lt } | t€(-e,e)}, 

and attach two disks to dA which lie in the 2-handle. Depending on the framing we used to attach 
the 2-handle, the two boundary circles dA± of A are given by 

S 1 -> B 2n x <90 2 , e iv i-> (±z(tp),e lv ) . 

This curves can be easily extended to the interior of the 2-handle by writing 

© 2 -> D 2n x D 2 , re llp i ► (±rz(ip),re lv ) . 

By a general position argument, the two disks can also be made disjoint, because the lowest 
dimension for H we are considering is 6. The manifold obtained from the torus by cutting out A, 
gluing the two disks and smoothing out the corners is an embedded 2-sphere, which represents 
the generator of H 2 (H) , because the annulus A together with the two disks represents a boundary 
in the chain complex of the 2-handle. 

To perform surgery along this sphere, we have to show that its normal bundle in H is trivial. 
All rank N vector bundles over the 2-sphere can be constructed by taking trivializations over 
the hemispheres and then gluing both parts over the equator. The gluing operation is described 
by a map dH) 2 — ► SO(iV), and any two homotopic maps give rise to isomorphic vector bundles. 
Hence the vector bundles are classified by iri(SO(N)) = Z 2 if N > 2, and both bundles can be 
distinguished by the second Stiefcl- Whitney class. Here we see that l*w 2 (TH) = w 2 (TH\ s2 ) = 
w 2 (T§ 2 ) + wi(T§ 2 ) w 1 {vS 2 )+w 2 (isE> 2 ) = w 2 {v§ 2 ). On the 2-sphere, we can obtain w 2 (TH\ s2 ) by 
evaluating w 2 over the fundamental class of S 2 . We compute 

(w 2 (TH\ s2 )\[S 2 }) = ( L * W2 (TH)\[S 2 }) = ( W2 (TH)mS 2 }) 

= (w 2 (TH)\[{0}xT 2 }} = 0, 

where we have used that the evaluation map is independent of the representative used for the 
homology class, and that TH can be trivialized over the 2-torus. 

Perform now surgery on this 2-sphere, i.e. cut out § 2 x B 2 ™ and glue in D 3 x S 2 "^ 1 and denote 
the resulting manifold by H. The manifold constructed this way is simply connected (A closed 
loop 7 in H can be made disjoint from the surgery region such that it represents a loop in H, 
which can be contracted without intersecting the surgery region.) 

The Mayer- Vietoris sequence gives with the notation B = § 2 x D 2 ", A = H — B, AL) B = H, 
and A H B = § 2 x S 2 ™" 1 that H k {A) = {0} for 2 < k < 2n - 1, and with 

-> Z -> H 2 (A) ffi Z -> Z -> -> H X (A) -> , 

one sees that H 2 (A) = Z. Below it will be important to understand the map t» : H 2 (A n B) — > 
H 2 (A). In the sequence above, the generator of H 2 (A n B) goes to (a, 1) £ H 2 (A) © H 2 (B) 
with a e Z. The map H 2 (B) — ► H 2 (H) sends generator to generator, so that a has to be a 
generator, because (a, 1) lies in the kernel of the map la — t-B in the sequence above. It follows 
that t* : H 2 (A n B) — > fl2(^4) is an isomorphism. 

For the higher groups compute the rest of the Mayer- Vietoris sequence: 

-> Z -» fla n +i(-A) ^0^0^ fla„(A) -» Z -» Z ^ i/ 2 „_ 1 (A) ^ . 

It follows that H 2n+ i(A) = Z, H 2n (A) is either trivial or isomorphic to Z, and -fZ2n-i(^4) can 
be trivial or isomorphic to either Z p or Z. To recognize that these two groups are trivial, we 
will study the map H 2n (H) — > i7 2 n-i(§ 2 x § 2 ™ -1 ) and prove that it is an isomorphism. The 
generator of H 2n {H) can be written as the core of the (2n)-handle of H composed with the ball 
D 2 ™ x {po} c D 2 " x T 2 . To see the image under the connecting homomorphism we need to 
represent the generator as the sum of two chains, one which lies in A and one which lies in B. 
The boundary of these chains lies in A n B (because they cancel each other) , and the boundary 
of one of these chains gives a representative for the image of the generator under the connecting 
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homomorphism. In our situation B is a neighborhood of the 2 sphere which generates H2(H), 
and as we showed above, this 2-sphere is obtained by taking the torus {0} x T 2 C B 2 " x T 2 and 
attaching two disks, which lie in one of the 2-handlcs. The set B corresponds thus to a tubular 
neighborhood of § 2 , which coincides outside a small neighborhood of the 2-handle with a tubular 
neighborhood of {0} x T 2 . The intersection of this tubular neighborhood with the generator of 
H2n(H) gives a small disk lying in a fiber of the normal bundle of § 2 . The boundary of the 
small disk represents the generator of H2 n -i{B) as we wanted to show. Hence the connecting 
homomorphism is a bijection and both groups H2 n {A) and H2 n -i{A) are trivial. 

Use now the notation A = H- B,B = H) a x 8 2 "- 1 , A n B = § 2 x S 2 "" 1 , and H = A U B. One 
sees immediately that Hk(H) = {0} for all 2n — 1 > k > 3, and 

► H 3 (H) H 2 (A C\B)^ H 2 {A) H 2 (H) . 

We showed that the map H 2 (A B) = Z — > H 2 (A) = Z is an isomorphism, hence it follows that 
H2(H) = {0}. The higher parts of the Mayer- Vietoris sequence give 

Z H 2n+1 (A) H 2n+1 (H) ->0 

-» H 2n (A) -» ffan(H) -> Z -» H 2n -i(A) © Z - H 2n -i(H) -»0 . 

In the first sequence, we can use that the first map is an isomorphism, as could be seen from the 
Mayer- Vietoris sequence when doing the first step of the surgery, and hence H2 n +i(H) is trivial. 
Since we know that H2 n (A) and H2 n -i(A) are trivial, the second sequence simplifies to 

H 2n (H) -> Z -> Z -> H 2n -i{H) . 

The map in the middle is also an isomorphism, and we obtain that H 2n {H) = H 2n -\{H) = {0}. 
To compute H 3 {H) analyze the sequence 

► H A {H) -» H 3 (A nB)-» H 3 (A) © JT 3 (S) -» H 3 (5) -» . 

The case n = 2 is different from the case n > 2, but H 3 (H) vanishes for both. 

We just have shown that the homology of H is equal to the one of a point, and it is also 
simply connected, hence H is diffcomorphic to the ball D 2 "+ 2 (M il65j ). and so the boundary 
dH = S'^ a is a smooth standard sphere. 

Together with our previous remarks, we have now established properties (2) and (3) from the 
list for the manifolds S'j. In last section, we will prove the remaining property of the list to 
conclude the induction step. 

4.4. The sphere Jr • is unknotted in - r . Throughout this section, we shall use the 

index set J = {ji, . . . , j r } to abbreviate the notation. In order to show that the spheres are 
unknotted, we shall use the following characterization of unknots due to Levine, [Lev65l 

Theorem 12 (Levine). A smoothly embedded sphere i : § fe ~ 2 — > § fe is unknotted if and only if 
^i(S fc -t(S fc - 2 )) =z. 

This theorem reduces the problem to a computation of the fundamental group of the comple- 
ment of S'j ■ in S'j. It is helpful to first consider the fundamental group before the 1-surgery. In 
that case we have 

M J = Sj U Sj , fc Sj, k x T 2 , 

and we have a similar expression for M ' . Next, we note that Sj t k and Sjj^k are, by induction, 
unknotted, so we can write 

Sj = S 1 x E> 2 " U © 2 x S 2 "" 1 and Sj tj = S 1 x D 2 ™ -2 U © 2 x § 2 ™" 3 . 

These decompositions are such that Sj t k = {0} x § 2rl_1 c Sj and Sjj^ = {0} x § 2 " -3 c Sjj. 
Hence we have decompositions that are adapted to the fiber connected sum. In other words, we 
can write 

Mi =S 1 X D 2 ™ U AxS j k Sj, k x (T 2 - M) , 
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where we glue along the annulus times fiber A x Sj,k- We proceed by computing the fundamental 
group of the complement of Mq'-' in Mq . We have 

M J - Mq' 3 = S 1 x (B 2 " B 2 - 2 ) U Ax{Sjk ^ k ) (Sj,k ~ S J>j>k ) x (T 2 - M) . 

Here we glue along an annulus times fiber (Sj t k — Sjj.fc in this case). The Seifert-Van Kampen 
theorem gives us the fundamental group 

iti(Mq — Mq' 3 ) = (a, b, c, d, e \ ab = ba, cd = dc, ce = ec, ded~ 1 e~ 1 = a, b = c) 
= (c, d,e\ cd = dc, ce = ec) = Z © (Z * Z) 

Here the generators a, b denote the two commuting generators of the left-hand side, S 1 x (B 2rl — 
ID 2 ™ -2 ). The generator c can be represented by a curve in Sj,k — Sj,j,k that generates iri(Sj.k — 
Sjj t k) — Z. Finally, the elements d and e can be represented by a longitudinal curve and a meridian 
of T 2 — {p}. Because of the product structure of the right-hand side, the two generators d, e 
commute with c. The other two relations come from the amalgamation in the Seifert-Van Kampen 
theorem. We see in particular that the fundamental group of the complement of Mq' 3 has already 
a simple structure before the surgery. 

Now take any element W in tti(S'j — S'j ■, q), where q denotes the basepoint. By a homotopy, 
we can arrange W to be represented by a product of curves that lie outside the surgery region, i.e. 
we assume that the curves lie in Mq — Mq' 3 . When thought of as an element in iti(Mq — Mq' 3 , q) 
our above computation shows that such a product of curves can be written as a word in c, d and 
e. Note however that a curve V representing d or e can be written in terms of c after the surgery. 
Indeed, we can homotope such a curve T close to the curves 71 or 72 from Equation (|4.1[) . More 
precisely, for dimension reasons we can find a homotopy H that is disjoint from the surgery locus 
such that 

H(0,t)=T(t) 

H(l, t) = 7i(t) = (p; e 2 "*, 1) G S" x T 2 

in case T is homotopic to 71 as a curve in Mq . We have a similar homotopy H for the case that 
r is homotopic to 72 as a curve in Mq. The homotopy H takes place in Mq — Mq' 3 and only 
homotopes Y to a curve 7, that is close to 7, in the following sense. 

We have chosen p disjoint from a tubular neighborhood N E of Si,...^ that we use to perform 
surgery, but inside the larger tubular neighborhood N-2 £ such that p is close to either p\ or P2 as 
given by Equation (|4.1[) . Now we see that Y can be simplified. Follow the homotopy H and then 
push the curve 7^ into the surgercd region. Before the surgery, this region (with Mq' 3 ' removed) 
looks like 

(4.2) (B" - ED™ -2 ) x S 1 . 

When we homotope 7^ into this region, 73 can arranged to have the form 

The precise form of / depends on the chosen framing of the neighborhood of S 1 . Now the surgery 
replaces the set (|4.2[) by 

(S" -1 - §"~ 3 ) x B 2 . 
Hence we can homotope 7,- to a curve of the form 

which represents c k for some k. This establishes our claim. 

We see therefore that tti(S'j —S'jj, q) can be presented by a group with at most one generator. 
Since we know that H\(S'j — S'j •) = Z, we have 

n 1 (S / J -S' Jj ,q)=Z. 

As a result of Levine's criterion we obtain that the embedding S'j ■ into Sj is unknotted. This 
proves property (1) of the list and finishes the induction step. 
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